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Abstract

We examine the ex ante incentive compatible core, and show that gener-
ically, when agents are informationally small in the sense of McLean and
Postlewaite (1999), the ex ante incentive compatible core is nonempty.

1. Introduction

While most of the game theoretic literature dealing with asymmetric information
has focused primarily on noncooperative games, there is an expanding literature
that studies the core in the presence of incomplete information, most of which is
surveyed in Forges, Minelli and Vohra (2000). Several different definitions of the
core in incomplete information environments are possible depending on whether
incentive constraints are taken into account and on whether coalitional decisions
are made ex ante (before agents learn their types) or at the interim stage (after
agents learn their types). Our analysis deals with the ex ante incentive compatible
core which, as the name suggests, treats the case in which decisions are made at
the ex ante stage and incentive constraints are taken to matter.

While the core with complete information is nonempty under quite general
circumstances, Vohra (1999) and Forges, Mertens and Vohra (2000) have recently
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shown that the ex ante core may be empty in well-behaved exchange economies.
Our aim in this paper is to provide something akin to a continuity theorem: when
the asymmetry of information among the agents in an exchange economy is small,
the ex ante incentive compatible core is nonempty.

We analyze the core of an Arrow-Debreu pure exchange economy in which
the agents are asymmetrically informed. Specifically, the agents’ utility functions
will depend on an underlying but unobserved state of nature and each agent
will receive a private signal that is correlated with the state of nature. Roughly
speaking, this corresponds to a “common value” model in which signals do not
directly affect the underlying payoff functions but do affect expected utilities.

Vohra (1999) has shown that the ex ante incentive compatible core is nonempty
under strong conditions limiting the amount of asymmetry of information among
agents. Postlewaite and Schmeidler (1986) introduced the notion of non-exclusive
information, under which no single agent’s information was necessary to identify
the correct state of the world. Vohra shows that, if information is non-exclusive,
then the ex ante incentive compatible core is nonempty. When an information
structure is non-exclusive then, when the information of all agents but one is
known, that one agent’s information cannot affect the conditional probability
distribution over the states. For the common value model that we study in this
paper, we use the concept of informational size that we developed in McLean and
Postlewaite (2000). This notion of informational size extends the non-exclusive
information concept by asking how much a given agent’s information can affect
the probability distribution over the states, given all other agents’ information.
Roughly speaking, an agent will be informationally small if, given other agents’
information, it is very likely that the given agent’s information will have a small
effect on the probability distribution over the states.

Our theorem on the nonemptiness of the ex ante incentive compatible core
depends on two other aspects of the information structure used in McLean and
Postlewaite (2000): aggregate uncertainty and the variability of agents’ beliefs.
Aggregate uncertainty quantifies the degree to which the aggregate of agents’ in-
formation resolves all uncertainty regarding the state of nature. Roughly speaking,
the variability of an agent’s beliefs quantifies the difference in the conditional dis-
tributions on the state space induced by the different types he might be. We show
that generically, the ex ante incentive compatible core is nonempty if all agents
are informationally small relative to the variability of their beliefs and aggregate
uncertainty. We further show that in replica economies, agents’ informational size
goes to zero.



2. Basic Notation

Throughout the paper, let J, = {1, .., ¢} for each positive integer ¢ and let || - ||
denote the 1-norm unless specified otherwise. Let N = {1,2,...,n} denote the set
of economic agents. Let © = {04, ..,0,,} denote the (finite) state space and
let T7,T5, ..., T, be finite sets where T; represents the set of possible signals that
agent i might receive. For each S C N, let Ts = [];cs1;. Elements of T will be
written tg. For notational simplicity, we will simply write T" for Ty and ¢ for ty.
If t € T, then we will often write ¢ = (tn\s,ts). If X is a finite set, define

Ax = {peR¥|p(x) 20,3 p(z) = 1}.

zeX

In our model, nature chooses an element 6§ € O. The state of nature is un-
observable but each agent i receives a “signal” t; that is correlated with nature’s
choice of #. More formally, let (6,t,,%s,...,t,) be an (n+1)-dimensional random
vector taking values in © x T" with associated distribution P € Agyr where

P(0,t1,..,t,) = Prob{0 = 0,1, = tq, ..., 1, = t, }.

Without loss of generality, we will make the following assumption regarding
the marginal distributions:

full support: supp(0) = O i.e. for each 6 € ©,
P(0) = Prob{f = 6} >0

and for each i € N, supp(t) =T i.e. for each t = (t1,..,t,) € T,
P(t) = Prob{t, = t1,...t, = t,} > 0.

IfteT, let Po(-|t) € Ap denote the induced conditional probability measure
on O. Let x, € Ag denote the degenerate measure that puts probability one on
state 6.

2.1. Economies

The consumption set of each agent is R} and for each § € ©,w; € R, , denotes
the (state independent) of agent i in state 6. For each 6 € O, let u;(-,0) : R, —
R be the utility function of agent i in state 6. The following assumptions are
maintained throughout the paper:



(i) u;(+,0) is continuous and concave
(iil) w;(-,0) is monotonic: if z,y € RY, z > y and z # y, then u;(z,0) >
Each 6 € © gives rise to a pure exchange economy . Formally, let

e(0) = {wi, wi(-,0) Yien

denote the Complete Information Economy (CIE ) corresponding to state 6.
For each 6 € ©, a complete information economy (CIE) allocation for e(f)
is a collection {z;(6) };c satisfying z;(0) € RY for each iand Yy (zi(0) —w;) < 0.

The collection ({e()}¢co, 8, t, P) will be called a private information econ-
omy (PIE for short). A private information economy allocation z =
(21, 22, ..., z,) for the PIE is a collection of functions z;; T — R satisfying
Sien(zi(t) —w;) = 0 for all t € T. We will not distinguish between w; € R4 . and
the constant allocation that assigns the bundle w; to agent i for all t € T

For each m € Ag and each collection of PIE’s {e(6) }sco, define the associated
auxiliary economy to be the collection {7, {e(#)}gco }. A commodity vector for
agent ¢ in the auxiliary economy is a vector of state contingent bundles in %ﬂm

and is written as

(2;(61), .., 2;(0m))-
In the auxiliary economy, the initial endowment of agent i is the vector w; =
(w;, ..,w;) € R and the utility of agent i is the function v; : R™ — R defined
for each (z;(01), .., 2:(0,,)) € RT™ as follows:

m

Vi(2:(61), .., 2i(0m)) =D ui(z:(0k); Or)7(0).

k=1

For each S C N, the set of S-feasible allocations in the auxiliary economy is the
set

Dg(w) = {(x:(61), ..., 2 (Om) )ics € (R™)F| > () = w; for each 6 € ©}.
= ieS
An allocation for the auxiliary economy is simply feasible if (z;(61), .., %;(0m) )ien €
® . Finally, the

An auxiliary economy gives rise to an NTU game in a natural way by defining
the set of attainable payoffs as

V(S) = {(y:)ies| for some (x;(01), .., 2;(0m))ics € Ps, yi < vi(xi(01),..,2:(0)) for all i € S}.
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Since each wu; is concave, a standard argument establishes that this NTU game is
balanced and, therefore, has a nonempty core.

A feasible allocation (Z;(01), .., %;(0))ien € P is a core allocation of the
auxiliary economy if

(’Ul(il(gl): e il(em»a ) Un(i'n(el)v ) jn(em»)

is a payoff vector in the core of the NTU game V.
For an allocation x € @y, denote the set of bundles weakly preferred by i to
his part of the allocation by

Pi(z) = {y € R vi(y(61), .., y(0m)) > vi(i(61), .., 2:(6m)) }-

Foreach S C N, let Ps(z) = Yicg Pi(x),ws = Y ;e w; and z5(0) = > ;cq x:(0).
Define g := (wg, .., wg) to be the point (y(61),..,y(0,,)) € RT™ with y(0;) = wg
for each k.

Definition 1: A core allocation = = (x;(61),..,2;(0m))ien of the auxiliary

economy {, {e(0)}oco} is a strict core allocation with respect to w = (wy, .., wy,)
if

ws ¢ Ps(x)
whenever S # N.

Finally, an allocation x = (z;(01),..,2;(0m))iey € Pn is a Walras equilib-
rium of the auxiliary economy e = {m, {e(f)}sco } (with associated price vec-
tor (p(61),..,p(0m)) € R™\{0}) if z is an equilibrium for the n-agent pure ex-
change economy in which agent i has utility function v; and endowment vector
lZ)i = (Uji, ,wl) - Rﬂnl

3. Incentive Compatible Cores

3.1. Notions of Blocking

Let ({e(0)}oco, 0,1, P) be a PIE. In order to define the core of an economy with
incomplete information, it is necessary to propose a notion of “improve upon” or
“blocking.” For each S C N, let the set of S-feasible allocations for the PIE be
defined as

As = {(2)ies|zi : Ts — R and > (2(ts) — w;) < 0 for all tg € Ts}.
i€S
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An S-feasible allocation (z;);cs is incentive compatible if

Yo > uwilzlts t), POt | i) > > D uilziltsti), 0) PO, tsy | ti)

0€0 t5\i€Ts\; 0€0 t5\:€Ts\;

for each t;,t, € T; and i € S.
The set of incentive compatible, S-feasible allocations will be denoted A%.
Let (z;)ien € Ax be an N-feasible allocation.

Definition 2.1: (ex ante blocking) A coalition S C N can X —block (z;);en if
there exists (z;);cs € Ag satisfying the following condition:

Z Zul(ml(ts) 9 tS Z Z Zul Zi tN\S7tS) H)P(H,tN\S,ts)

tseTs H€O ts€Ts tay\sE€Tn\ s €O

for all 7 € S.

Definition 2.2: (ex ante incentive compatible blocking) A coalition S C N can
IC X —block (z;);en if there exists (x;);cs € A% satisfying the following condition:

Z Zui(l'i(t,g), 9 tS Z Z Z UZ Zi tN\S;tS) Q)P(g,t]v\s,tg)

tg€Ts 0O ts€Ts tN\SETN\S ISC)

for all 7 € S.

Definition 2.3: (ex ante incentive compatible e—blocking) Suppose € > 0. A
coalition S C N can eIC X —block (z;);en if there exists (z;);cs € A% satisfying
the following condition:

Z Zul(ml(ts),H)P(H,tS) Z Z Z Zui(Zi(tN\SatS)yH)P(eutN\SutS)+€

tseTs 0O ts€Ts tn\s€TN\s 0€O

for all 7 € S.

3.2. Incentive Compatible Cores

Definition 3.1: An N-feasible, incentive compatible allocation (z;)ien € A} for
the PIE ({e(6)}oco,0,t, P) is an Ex Ante Incentive Compatible Core Allocation if
(z;)ien cannot be IC'X-blocked by any S C N.

In general, ex ante IC core allocations do not exist.



Definition 3.2: An N-feasible, incentive compatible allocation (2;)ien € A}y
for the PIE ({e(6)}yeco, 0, t, P) is an Ex Ante Incentive Compatible ¢ — Core Alloca-
tion if (2;);en cannot be IC' X-blocked by N and (z;);en cannot be eIC X-blocked
by any S # N.

Obviously, every ex-ante IC core allocation is an ex ante IC e- core allocation
for each € > 0.

4. Informational Size, Aggregate Uncertainty and Distribu-
tional Variability

We will show that there exist incentive compatible core allocations for economies
with asymmetric information when agents’ informational size is small relative to
other properties of the information structure of the economy. In formulating the
conditions under which the incentive compatible core is nonempty, we need the
notions of informational size, aggregate uncertainty and distributional variability
which we introduced in McLean and Postlewaite (2000). We will define these
concepts below, but refer the reader to that paper for a full discussion of the
concepts.

4.1. Informational Size

If t € T, recall that Po(-|t) € Ag denotes the induced conditional probability
measure on O and y, € Ag denotes the measure that puts probability one on
6. Any vector of agents’ types t = (t_;,t;) € T induces a conditional distribu-
tion on O and, if agent ¢ unilaterally changes his announced type from t; to ¢,
this conditional distribution will (in general) change. We consider agent i to be
informationally small if, for each ¢;, there is a “small” probability that he can
induce a “large” change in the induced conditional distribution on © by changing
his announced type from t; to some other t;. We formalize this in the following
definition.
Let
L(t;,ti) = {t—i € T-| |[Po(-[t-ist;) — Po([t—i, t;)[| > €}

The informational size of agent i is defined as

P . - S .
P — m P iy CVE = ) < gL
Vi tiea%flt’f;gjmf{@ > 0 Prob{t_; € I(t;, ;) [t; = t:} < &}



Loosely speaking, we will say that agent i is informationally small with respect
to P if his informational size v! is “small.” If agent i receives signal ¢; but
reports t, # t;, then the effect of this misreport is a change in the conditional
distribution on © from Pg(-|t_;,t;) to Po(:|t_; t}). If t_; € I.(t;,t;), then this
change is “large” in the sense that ||Pe(:|t_s,t;) — Po(-|t_s,t})|| > e. Therefore,
Prob{t_; € I.(t,,t;)|t; = t;} is the probability that i can have a “large” influence
on the conditional distribution on © by reporting ¢, instead of ¢; when his observed
signal is ¢;. An agent is informationally small if for each of his possible types t;,
he assigns small probability to the event that he can have a “large” influence on

the distribution Pg(:|t_;,t;), given his observed type.

4.2. Negligible Aggregate Uncertainty

We will next quantify aggregate uncertainty. Let

= fpajgcinf{s > 0|Prob{t € T* and || Po(-|t)—xy|| > ¢ for all § € O|t; = t;} < e}.
i€1y

If xf is small for each i, then we will say that P exhibits negligible aggregate

uncertainty. In this case, each agent knows that, conditional on his own signal,

the aggregate information of all agents will, with high probability, provide a good
prediction of the true state.

4.3. Distributional Variability

To define the measure of variability, we first define a metric d on Ag as follows:
for each «, B € Ag, let

a g
d(a, B) = | —
ledle (181121,
where || - ||2 denotes the 2-norm. Hence, d(a, §) measures the Euclidean distance

between the Euclidean normalizations of o and (3. If P € Agyxr, let Po(+|t;) € Ag
be the conditional distribution on © given that i receives signal t; and define

AP = min min d(Pe(-|t;), Po(-|t}))?

t; ETi t; ETi \ti

This is the measure of the “variability” of the conditional distribution Pg(:|t;) as
a function of ¢;. Let

oxr = 1P € Agxr| for each i, Po(:|t;) # Po(:|t;) whenever t; # t.}.
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The set A§,, is the collection of distributions on © x T' for which the induced
conditionals are different for different types. Hence, AY > 0 for all i whenever
P e A, r.

5. Existence Results

5.1. The Nonemptiness of the Incentive Compatible Core

We now present two results concerning the nonemptiness of the core in the pres-
ence of incomplete information.

Theorem 1: Let m € Ag and let
A@xT(ﬂ') = {P € A@xT|P@ = 7'('}.

For every e > 0, there exists a § > 0 such that, whenever P € Agyr(m) and
satisfies
max pf < dmin A}

max v < §min AP
K3 K3

the ex ante incentive compatible e—core of the PIE ({e(0) }yco, 0,1, P) is nonempty.

The proof of Theorem 1 is found in the appendix, but we will sketch the
proof here. Choose € > 0 and let ((;(01), ..,(;(6m))icn be a core allocation of the
auxiliary economy {, {e(0)}sco }. There exists a § > 0 such that, if the conditions
of the Theorem are satisfied, we can apply an approximation result in McLean
and Postlewaite (2000) (see Lemma A in the appendix) that allows us to find
an incentive efficient PIE allocation (z)en € A% for the PIE ({e(6)}oeo, 0,1, P)
satisfying

S wi(z(t),0)P(0,t) + € > v;((i(61), -, ((0m))

teT 6cO

for each i € N. Let S C N,S # N and suppose that there exists (z;)ics € As
satisfying the following condition:

> ezeui(:ci(tg), 0)P(0,ts) > > ezeui(zi(t), 0)P(0,t) + ¢

for all ¢ € S. Defining
(0) = > wilts)P(ts|0)

ts€Ts
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for each ¢ € S, it follows that

0i(&(61), ., &(0m)) > D

t

> ui(wilts), 0k) P(ts, Ox)

since each w;(-,0) is concave. Furthermore, > ,c5&,(0) < Y,cgw; . Combining
these observations, we conclude that

Vi(§i(01), - €i(0m)) > vi(C3(61), -, Ci(0m))

for each i € S, contradicting the assumption that ({;(61),..,(;(0m))ien is a core
allocation of the auxiliary economy. Therefore, (2;);cn is an incentive compatible
e—core allocation.

The concavity assumption regarding utility functions guarantees that the core
of the auxiliary economy (7, {e(f)}sco) is nonempty and this is enough to show
that the ex ante incentive compatible e— core is nonempty. However, we need
the strict core of the auxiliary economy to be nonempty in order to prove the
nonemptiness of the ex ante incentive compatible core.

Theorem 2: Let m € Ag and let
A@xT(ﬂ') = {P € A@xT|P@ = 7'('}.

Furthermore, suppose that the strict core of the auxiliary economy {, {e(0)}sco}
is nonempty. Then there exists a § > 0 such that, whenever P € Agy7(m) and
satisfies

max put <6 miin AF

max v, < §min A
(3 (3

the ex ante incentive compatible core of the PIE ({e(0)}sco, 0,1, P) is nonempty.

The proof of Theorem 2 is also found in the appendix but we will again sketch
the idea of the proof. If the strict core of the auxiliary economy is nonempty, then
there exists € > 0 such that the following condition holds:

there is no coalition S # N such that, for some (y;(61), .., ¥i(0m))ics € Ps,

Vi (Yi(01) - Yi(Om)) = vi(xi(01), .., 2i(0m)) — €

for all 7 € S.

10



Applying the same approximation result in McLean and Postlewaite (2000)
used in the proof of Theoreml, we can find an incentive efficient PIE allocation
z(-) for the PIE ({e(6)}gco, 0,1, P) satisfying

SN wizi(t),0)P(0,t) + & > vi((i(61), -, (i(0m)

teT 6cO

for each ¢ € N. Suppose that S C N,S # N and suppose that there exists
(x;)ics € Ag satisfying the following condition:

S S wiwilts), )P0, ts) > 3% wi(z(t), 0) P(6, 1)

ts€Ts €O teT €O

for all i € S. Defining the allocation (§;(61),..,&;(0m))ien as in the proof of The-
orem 1, we can apply the same argument outlined above to conclude that

vi(&;(01), -, &i(0m)) +€ > vi(Ci(01), -, C; ()

for each i € S, a contradiction. Therefore, (2;);cn is an incentive compatible core
allocation.

5.2. Strict Cores of Auxiliary Economies

In order to show that the incentive compatible core is nonempty, we assume in
Theorem 2 that the strict core of the auxiliary economy is nonempty. In the first
result of this section, we provide conditions under which this assumption holds.

Proposition 1: Suppose that = = (z;(61),..,7:(0n))ien € Py is a Walras
equilibrium of the auxiliary economy e = {m, {e(f)}sco} with associated price
vector (p(61), .., p(0n)) € RT™\{0} satisfying the following assumption:

For each 7 € N,

(%i(01), -, yi(Om)) € Pi(x),y:(0) # x4(0) for some 0 = ;p(f)) ~yi(0) > ;p(f)) W

If wg # x5(0) for some O whenever S # N, then x is a strict core allocation
with respect to w.

Proof: First, note that, for each 5,

(1(61). . y(6.)) € Ps(2). y(6) # 25(6) for some 6= 3" p(6) -y(6) > 3 p(6) -ws.
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To see this, choose (y(01),..,y(0)) € Ps(z) with y(f) # xs(0) for some 6.
From the definitions, it follows that there exist z;,7 € S such that z5(0) = y(0)
for all 0 and z; € P;(z) for each ¢ € S. If Yyp(0) - z;(0) < Ypp(#) - w;, then
the monotonicity assumption implies that z; does not maximize i’s utility on his
budget set (recall that (p(61), .., p(0)) € RT\{0}). This in turn means that z is
not a Walras equilibrium. Therefore, >y p(0) - z;(6) > > g p(0) - w; for every i € S.
Since y(0) # xs(0) for some 6, it follows that z;(6) # x;(#) for some 6 and for some
i € S. Hence, the condition of the lemma implies that "y p(6)-2;(0) > >y p(0) - w;
for at least one ¢ and we conclude that

Xejp(ﬁ) -y(0) = zg:p(e) - z5(0) > Z@:p(ﬁ) Swg.

Suppose that wg # xg. If wg € Ps(z), then >y p(0) - ws > >y p(0) - wg, an
impossibility. Therefore, ws ¢ Ps(z).

The proof of Proposition 1 does not use the concavity assumption regarding
utility functions. However, the Proposition does imply the following corollary: if
x = (2;(01),..,2;(0n))icn € P is a Walras equilibrium of the auxiliary economy
e = {m, {e(0)}oco}, if the utilities u;(+,0) are strictly concave and if wg # x5(0)
for some 6 whenever S # N, then z is a strict core allocation with respect to w .
We now turn to the question of the nonemptiness of the strict core of an auxiliary
economy. We begin with two results that will lead to a “genericity” theorem.

Proposition 2: Suppose that the strict core of the auxiliary economy {7, {u;(+,0), w; }eco }
is nonempty. Then there exists an £ > 0 such that the strict core of the auxiliary
economy {7, {u;(-,8),w; }oco} is nonempty whenever ||w; — w;|| < € for all i.

Proof: Suppose that = is a strict core allocation of the auxiliary economy
{m, {wi(-,0), w; }pco}. We claim that there exists an € > 0 such that, for each
w = (wi,..,wy) satisfying ||w; — w;|| < e for all i, there exists an £ € P(w)
such that wg ¢ Pg(§) whenever S # N. To see this, suppose instead that there
exists a sequence w® — w such that for each k, there exists an S # N such that
o € Pg(€) whenever € € ®(w*). Since there are only finitely many coalitions,
we may (choosing a subsequence if necessary) assume that S is independent of k.
Let y*(0) = wk — wy for each § and note that y*(#) — 0. Since Y ;cn 75(6) =
wy € RY,, it follows that, for all sufficiently large k, there exist y(6) with
Yien £ (0) = y*(0) such that 2;(6) + y}(0) > 0,4f(f) — 0 and

S [m:(0) +5(0)] = wh

1EN

12



for each 6. Defining £¥(0) = ( )+5(8), it follows that £¥ = (£5(0,), .., €¥(0,) )ien €
Oy (w ) Therefore, wg € Pg(£¥). This means that for all & sufficiently large, there
exists ¢ = (CF(0,), .., CF(0))ien € Ps(w”) such that

¢
V(G5 (01) -, G (Om) > 0i(&7(01), -, 7 (Om)).

Choosing a subsequence if necessary, we conclude that there exists ¢ = ({;(01), .., (;(0m))ien €
®5(w) such that

0i(C;(01), -+, C;(0m)) = vi(wi(01), .., 2i(0m))

for each ¢ € S. This implies that wg € Pg(x), contradicting the assumption that
x is a strict core allocation, and the proof of the claim is complete.

To complete the proof of the theorem, choose w = (wy, .., w,) satistying ||w; —
wi|| < e for all i and choose ¢ € ®(w) such that wg ¢ Ps({) whenever S # N.
Next, choose an efficient allocation £ for the auxiliary economy satisfying f € Pi(§)
for each i € N. Since Pg(€) C Pg(€), it follows that wg ¢ Pg(€) and we conclude
that é’ is a strict core allocation.

Proposition 3: Suppose that = = (z;(61),..,7;(0n))ien € Py is a Walras
equilibrium of the auxiliary economy {m, {u;(+,0),w;}eco} With associated price
vector (p(61),..,p(0,,)) € RE™\{0} satistying the following assumption:

For each i € N,

(yi(61), -, ¥i(0m)) € Pi(x),v:(0) # 24(0) for some 6 = %:p(ﬁ)yi(@) > p(0)-w;.

0

If there exists S # N such that wg = x5(0) for all §, then for every 6 > 0
there exists a vector w such that w; € RS, for all i, [Jw; — w;|| < § for all 4, and
x is a strict core allocation of the auxiliary economy {7, {u;(-,8),w;}eco}-

Proof: Let
S ={S CN|S# N and wg = zg(0) for all § € O}.

Let y # 0 be a net trade vector such that

[Z@:pw)] -y =0
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where (p(61),..,p(0m)) € R{™\{0} is the equilibrium price vector. Now consider
the following perturbations to the endowment vector w:

wi(e) = w;+eyfori#l

)

wi(e) = w;—(n—1ey

The vector wi(¢) will have positive components for sufficiently small €. Also, note
that

wi(€) = wy
while

ws(e) # ws
whenever S # N. If S € S, then wg(e) # xg(f) for all § and for all ¢ > 0. Since
there are only finitely many coalitions and since wy(e) — wg as € — 0, it follows
that wy(e) # zg(f) for at least one § whenever S ¢ S and ¢ is small enough.
Summarizing, there exists & > 0 such that, whenever 0 < ¢ < &, there exists
6 € © such that

ws(e) # vs
whenever S # N. To complete the proof, choose 6 > 0 and choose * < & so that
[|w; — wi(e*)|| < 6 for all i and define w; = w}(*). Since

gpw)] s = [gpw)] (e = [gpw)] w

for each i, it follows that x is a Walras equilibrium of the auxiliary economy e =
(7, (ui)ien, (wi)ien) with associated price vector (p(6,), .., p(6,,)). Furthermore,
satisfies the following condition:

For each i € N,

(:(01), ., %:(0m)) € Pi(x),y:(0) # x;(0) for some 6 = > p(0)-y:(0) > > p(6) - w;.

The proof is now completed by applying Proposition 1 to the auxiliary economy
with endowment vector w.

We can now combine Propositions 2 and 3 and provide a genericity result for
strict cores of auxiliary economies.

Corollary: Let

X = {(wy,..,w,) € (R,)"| the strict core of {m, {u;(-,0),w;}sco} is nonempty.
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If each u;(-, ) is strictly concave, then X is an open dense subset of (R )™

Proof: Proposition 2 implies that X is open. If w ¢ X, then the strict con-
cavity assumption implies that there exists a Walras equilibrium of the auxiliary
economy satisfying the hypothesis of Theorem 3. Applying Theorem 3, we con-
clude that X is dense in (R%_ )"

6. The Replica Problem

In the presence of a large number of agents, we might expect any single agent to
be informationally small and replica economies are a natural framework in which
to investigate this conjecture.

6.1. Notation and Definitions:

Let {e(f)}oco be a collection of complete information economies and recall that

Jr» = {1,2,...r}. For each positive integer r and each 0, let €"(0) = {w;s, wis(+, 0) } (i,5)en 1,
denote the r replicated Complete Information Economy (r-CIE ) corresponding

to state 0 satisfying:

(1) wis = w; for all s € J,
(2) uis(2,0) = ui(2,0) forall z € RL,i € N and s € J,.

For any positive integer r, let T" = T'x- - - x T denote the r-fold Cartesian prod-
uct and let t" = (¢, .., ") denote a generic element of 7" where t7, = (t],,..,1],).
If P" € Aourr, then e = ({€"(0)}peo, 0,1, P") is a PIE with nr agents. If A =
{¢(0)}geco is a collection of CIE allocations for {e(f)}sco, let A" = {C"(6) }oco
be the associated “replicated” collection where ("(0) is a CIE allocation for e"(9)
satisfying

Cr(0) = ¢,;(0) for each (i,s) € N x J,

6.2. Replica Economies and the Replica Theorem

Definition 4: A sequence of replica economies {({e"(6)}gco, 0,7, P")}2, is a
conditionally independent sequence if there exists a P € Ag,  such that

(a) For each r, each s € J, and each (6,t1,..,t,) € © X T,

Prob{f = 0,17, = t, 85, = tg, ...t = t,} = P(0,ty,tg, ..., 1,)

ey Ups
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(b) For each r and each 6, the random vectors

(~7ilv ~517 () ~:Ll)v © (qu ’~5ra Tty t~;r>

are independent given 0=46. R R
(c) For every 6,60 with 6 # 6, there exists a t € T such that P(t|0) # P(t|0).

Thus a conditionally independent sequence is a sequence of PIE’s with nr
agents containing r “copies” of each agent ¢ € N. FEach copy of an agent i is
identical, i.e., has the same endowment and the same utility function. Further-
more, the realizations of type profiles across cohorts are independent given the
true value of 6. As r increases each agent is becoming “small” in the economy
in terms of endowment, and we can show that each agent is also becoming infor-
mationally small. Note that, for large r, an agent may have a small amount of
private information regarding the preferences of everyone through his information
about #. We now state an analogue of Theorem 1 for replica economies.

Theorem 3: Let {({e"(6)}gco, 0,7, P)}22, be a conditionally independent
sequence. For every e > 0, there exists an integer # > 0 such that for all r > 7,
the ex ante IC e—core of the PIE ({€"(0)}gco,8,t", P") is nonempty.

The proof of Theorem 3 (also found in the appendix) is essentially an applica-
tion of Theorem 1 and again uses the ideas developed in McLean and Postlewaite
(2000) (summarized in step 1 of the proof of Theorem 3 in the appendix.)

7. Discussion

1. In independent work, Krasa and Shafer (2000) investigate a question similar
to that in this paper. They consider economies with asymmetric information in
which agents receive noisy signals of the state of the world. They then study a
sequence of economies with incomplete information that converges to an economy
with complete information in the sense that the agents’ signals are asymptotically
perfect signals of the state of the world. Using our notion of strict core, Krasa
and Shafer show that, for a sequence of asymmetric information economies that
converge to a complete information economy for which the strict core is nonempty,
the incentive compatible core will be nonempty for economies close to the limit
(see their Theorem 2).

There is a close relationship between their notion of convergence to complete
information and our concept of informational size. If the accuracy of all agents’
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information is increased uniformly, the agents’ informational size will go to zero. It
can be the case, however, that if the accuracy of one agent’s information increases
much faster than the accuracy of other agents, then that agent will not become
informationally small. In McLean and Postlewaite (2000), it is discussed how our
arguments can be extended to this case.

While uniformly increasing the accuracy of agents’ signals of the state nec-
essarily makes the agents informationally small, the converse is not true. This
is demonstrated by our replica theorem. In this case, the agents’ information is
not becoming increasingly accurate, but they are nevertheless becoming informa-
tionally small. The relevant informational consideration for assuring a nonempty
incentive compatible core is not that each agent necessarily have very accurate
information about the environment. Rather, the relevant consideration is that no
agent have a monopoly on information about the environment.

2. Forges, Mertens and Vohra (2000) construct an example of a three person
asymmetric information economy in which the incentive compatible core is empty.
It is straightforward to show that agents are informationally large, as they must be
given our results. One can parametrize the information structure in their example
so that the parameter controls the information size of agents. In the parametrized
version, one can determine the limits on the informational size of the agents that
would guarantee that the incentive compatible core is nonempty.

8. Proofs:

8.1. Preliminaries:

Lemma A: Let © = {64,..,0,,}. Let {e(0)}sco be a collection of CIE’s and
suppose that A = {{(0)}sco is a collection of associated CIE allocations with
(;(0) # 0 for each i and 6. For every n > 0, there exists a 6 > 0 such that,
whenever P € Agy7r and satisfies

max 1] < émin A7
(2 (2

maxv! < émin AL,
(2 (2

there exists an incentive compatible PIE allocation z(-) for the PIE ({e() }oco, 0,1, P)
and a collection By, .., B,, of disjoint subsets of T such that Prob{t € U, B,} >
1 —n and, for all # € © and all t € By,

(i) Prob{f =0yt =t} > 1—1

17



(ii) For all i € N,
w;(2i(t); Ox) > wi(C;(0k); Ox) — 1.

Proof: See McLean and Postlewaite (2000).

8.2. Proof of Theorem 1:

Choose € > 0. Let ((;(61), -, (;(0m))ien be a core allocation of the auxiliary econ-
omy {7, {e(0)}gco }. Let

n
M = méaxm;fixui(z w;; 6),

=1

and let

€

S 6M 41

Applying Lemma A, there exists a 6 > 0 such that, whenever P € Agyr(7) and
satisfies

Ui

max 1] < émin AY
A A

maxv! < éminAl,
7 (3

there exists an incentive compatible PIE allocation z(-) for the PIE ({e()}oco, 0, %, P)
and a collection By, .., B,, of disjoint subsets of T such that Prob{t € U, B;} >
1 —n and, for all € © and all t € By,

(i) Prob{f = Ol =t} > 1—n
(ii) For all s € N,

ui(2:(t); Or) > wi(;(0k); Or) — 1.

Furthermore, z(-) may be chosen to be incentive efficient since the u; are contin-
uous and A} is compact. Define By = T'\[Uj™, By|.

Let S C N,S # N and suppose that there exists (z;);cs € As satisfying the
following condition:

ts€Ts €O teT €O

for all 7 € S. We will show that this leads to a contradiction.
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Step 1: For each 6 € © and each i € S, let

§(0) = > wilts)P(tsl0)

ts€Ts

and note that

Sa0) = X [Sat)| st

i€s tseTs LieS
S Z lzwl] t5|9
ts€Ts LieS
i€S
Furthermore, for each i € S,
= Z“z > zi(ts)P(ts|0k), 0x) P (k)
ts€Ts
= Z > Plts|O)ui(xi(ts), 0r) P (0r)
k tg€Tg
= > > wi(wilts), k) Plts, Ok)
k ts€Ts

Step 2: For each i € S,

SN wi(z(t),0)PO,t) = > wilz(t),0)PO)PE) + > > wi(z(t

teT 6cO k teBy 6cO teBy €O
> ;tEZB;u zi(t),0;)P(8;|t)P(t) — Mn
> ;g‘; ui(Ci(0r), Ok) P(t) — (3M + 1)y
= Zui(gi )| D P(t)| —(3M +1)n
> Zul P?Z?-i;Mn (3M +1)n
= zkju J(0r),01)7(0) — (6M + 1)n

= 0i(¢i(01), ., Gi(0m)) — (6M + 1)n
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Step 3: Combining steps 1 and 2, we conclude that, for each i € S|

0i(&(61), .. &0m) > D > wlwilts), 0x)P(ts, 0r)

k tg€Ts

> >N ui(z(t),0)P(6,t) + €

teT 6cO

> vi(Ci(01), -5 Ci(0m)) — (6M + 1)n+ €
> Ui(gi(el)wwgi(ek))

contradicting the assumption that {(¢;(01),..,(;(0m))}ien is a core allocation of
the auxiliary economy e = {m, {e(f)}sco }-

8.3. Proof of Theorem 2:

Let m € Ag. Suppose that each u; is concave and that ( is a strict core allocation
of e = {m,{e(0)}oeo }-

Step 1: There exists € > 0 such that the following condition holds:
there is no coalition S # N such that, for some (y;(61), .., ¥i(0m))ics € Psg,

Vi(Yi(01), - Yi(Om)) = vi(xi(01), .., 2i(Om)) — €

for all 7 € S.

To see this, suppose that, for every k, there is an S # N and an allocation
(yzk(91>a ) yzk(em>>zes € (I)S such that

(Y7 (01), - Y7 (Om)) = 0i(4(61), -, 2i(0m)) — 1/k

for each i € S. Since there are only finitely many coalitions, since each ®g is
compact and each v; is continuous, it follows that there exists an S # N and

(yi(01), -, Yi(Om) )ics € Pg such that

Ui(Yi(01), -, Yi(Om)) = vi@i(6h), .., zi(0n))
for each i € S. In particular, wg = (wg, .., ws) € Pg(() contradicting the assump-
tion that ( is a strict core allocation of {m, {e(0)}oco }-
Step 2: Let

n
M = MAax Max u; Z w;; 0
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and let
€

6M +1°

Applying Lemma A, there exists a 6 > 0 such that, whenever P € Agyp(7)
and satisfies

77:

max pf < dmin A}
(3 (3

i

7 )

max v < §min A
(2 (2

there exists an incentive compatible PIE allocation z(-) for the PIE ({e()}oco, 0, %, P)
and a collection Ay, .., A, of disjoint subsets of T such that Prob{t € U, A;} >
1 —n and, for all € © and all t € Ay,

(i) Prob{f = Ot =t} >1—n
(ii) For all i € N,

ui(zi(t); Ox) > wi(C;(0k); Ok) — 1.

Furthermore, z(-) may be chosen to be incentive efficient since the u; are contin-
uous and A} is compact.

Let S C N,S # N and suppose that there exists (z;);cs € As satisfying the
following condition:

S S wiwilts), )P0, ts) > 3% wi(z(t), 0) P(6, 1)

ts€Ts 0O teT €O

for all 7 € S. Defining (§,(61), .-, &;(6m) )icn as in the proof of Theorem 1 and using
the same steps found there, we conclude that, for each i € S,

0i(§(01), -, &(0m)) > D D wilxi(ts), 0k)Plts, 0k)

> z;ez;)ui(zi(t),ﬁ)P(H,t)
> 0i(Ci(01), -, Gi(Om)) — (6M + 1)n
> UZ(C1<91)77C1(9771)) — &

This contradicts the conclusion of Step 1 and it follows that the ex ante IC core
is nonempty.
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8.4. Proof of Theorem 3:

Let {({€"(0)}oco, 0,1, P")}2, be a conditionally independent sequence. >From
the definition, it follows that there exists m € Ag such that P§ = = for all r.
Since each u;(+;6) is concave and monotonic and each w; € R, it follows that
the auxiliary economy has a Walras equilibrium ¢ = ({;(01), .., (;(0m))ien. We
note that the r-replication of (" of the waleas allocation ( is a core allocation of
the r- replicated auxiliary economy for every r. Let

M = méaxm;fixui(jz::l wj; 6).

Choose € > 0 and let .
M+ 1

Step 1: There exists an 7 > 0 such that, for all r > 7, there exists an incentive
compatible PIE allocation 27 (-) for the PIE ({e"(6)}co, 0, 1", P") and a collection
B, .., BT of disjoint subsets of T" such that Prob{t" € U™  BL} > 1 —n and, for
all k € J,, and all t" € By,

(i) Prob{f = 0,t" ="} > 1 —1n

(ii) For all i € N,

n

uis(215(t"); Ok) > wi(C;(0k); Ok) — .

(ili) 27, (t") = 2I, (t") whenever s,s" € J,.

is’

(For a proof, see McLean and Postlewaite (2000).

Again, 2"(-) may be chosen to be incentive efficient since the w; are continuous
and A}y is compact.

Define N, = N x J,.. Next, let C C N,.,C # N, and suppose that there exists
(] ) (,s)ec € Ag satisfying the following condition:

> D uili (), PO t0) = Y > uil#(£),0)P(0,7) + &

t€TE 0€0 teTT 6O

for each (i,s) € C. Let C; = {s € J,|(i,s) € C} and let I = {i|C; # 0}.
In the remaining steps, we suppress the dependence of T, T¢, t", ¢, 7 , Ay
etc. on r.
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Step 2: For each § € © and each i € I, let

i

and note that

>_1Cil€:(0)

il

Furthermore, for each i € I,

Ui(fiwl)a --afi(ek» =

|C|

!C|

Step 3: For each (i,s) € C,

SN ui(zi4(t),0)P(0,8) =

teT €O

SN uilzi(t),0)P(0)t) P

ZC [ Y @is(te)P (tc!9)]

2.2 { Y zis(to)P (tc|9)]

iel s€C; [to€Te

P(tc|0)

Z[(Zw

tc€To i,S)EC

el

ter X [ Y wilto)Pltcl)| .6)P(6:)

seC; |to€Te

1

il Yo Y Pltel@)ui(wis(te), 0x) P(Or)
tl seCyto€l

3 [z S wonn(te). 0P
seC; 0 tceTc

k teAL 0O tEAg 0€O
5 )0 PO P~
k teAr J
> D wilG(Ok), 0x) P(t) — (3M + 1)
k teAy
> wi(¢(0k),0k) | D P(t)| — (3M + 1)y
k teA,
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> Zuz 0x)P(0y) —3Mn — (3M + 1)n
= ZUZ i k s k7‘(’(9)—(6M+1)T]
= vi((;(01), -, Ci(0m)) — (6M + 1)n

Step 4: Combining steps 2 and 3, together with the fact that 2 (¢") = 27, (")
whenever s, s’ € J,., we conclude that, for each i € I,

vi(§;(0h), .., &(0m) > = Y ui(xi,s(t0)79k>P(tCa9>]

| |s€ i | 0 tc€lc

0

Q

v

Z Zul zis(t),0)P(6,t) +

| |seC L[tET™ 6O

= D ulzis(t),0)P0,t) + e

teT €O

> 0i(C(01), -, ¢ (0m)) — (6M + 1)n +¢
> 0i(G;(01), -, (;(Om))-

Therefore, the coalition C' can improve upon the allocation (" contradicting the
assumption that (" is a core allocation of the replicated auxiliary economy.
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